Introduction

Inflationary theories predict the existence of a stocastic background of
gravitational waves (tensor perturbations to the metric). Detection of
these waves would constrain inflationary models and increase our
knowledge of the earliest moments of the Universe. While direct
detection by interferometers such as LISA 1s a future possibility,
indirect detection via the cosmic microwave background (CMB) 1s
actively being pursued by groups like BICEP and QUAD.

Gravitational waves produce temperature perturbations via the
integrated Sachs-Wolfe (ISW) effect. A photon propagating past a
gravitational wave which is oscillating with changing amplitude
acquires a net change 1n energy. Consequently an 1nitially 1sotropic
temperature distribution becomes anisotropic in the presence of
gravitational waves. Compton scattering of this anisotropic
temperature distribution generates polarisation.

Detailed numerical calculations of the statistical power spectra of the
fluctuations exist. E.g. CMBFAST. Here we develop complementary
analytic expressions that reproduce the main features of these
calculations and help 1llustrate the underlying physics.
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Tensor modes and the cosmic microwave background

Formalism

To describe temperature and polarisation fluctuations projected onto the sky we
utilise a harmonic decomposition of the fractional fluctuation e.g.
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The multipoles due to tensor modes are then given by the following line of sight

integrals, X = (F, B)

Anww=¢gf§§[fd70%@%z“+¢ﬂwwm0fhwwn—ﬂL

A (k) = /0 V(= g(P) Uk, 7)) Pxali(mo — 7))

The statistics of the fluctuations are then described by their power spectrum
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The sourcing term is given by
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The equation of motion for the amplitude h of the two gravitational wave polarisa-

tion modes (i = 4,x) is

hZ + ZEI% + k?h; = 167 Ga*1l,
a

where II is the tensor part of the anisotropic stress.

These expressions involve the following elements:

e Thermal history: visibility function g(7) and optical depth &.

e Harmonic projection: projection factors Px;|[k(m9 — 7)].

e Initial conditions: primordial gravitational wave power spectrum Py (k).

e Gravitational wave evolution: h(7).

e Growth of anisotropy: polarisation source term W.

We approximate each of these elements in turn, finally arriving at an analytic ex-
pression for the polarisation power spectra
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Fig. 3. Analytic approximations for the power spectrum reproduce
the main features of numerical calculation using CMBFAST.
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Projection

The functions for projecting from
Fourier space to the unit sphere may
be approximated by exploiting the
narrowness of the visibility function
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We then use Debye’s asymptotic
approximagion for the Bessel function
Ji(x) = ———=——==cos [z(sina — acos a) — 7 /4]
v sina where cosa = (I +1/2)/x.
and average to simplify the form for
the projection factors which imvolve a
sum of spherical Bessel functions.
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Gravitational Wave Evolution

Inflation predicts a nearly scale-invariant primordial gravitational wave
power spectrum. This 1s processed by waves entering the cosmological
horizon and evolving to generate the spectrum at recombination. Simple
scaling arguments for the gravitational wave amplitude /4 then allow us to
determine the scaling of the CMB power spectra
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These regimes correspond to pre-horizon entry, matter dominated,
radiation dominated and phase damped epochs.
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Growth of anisotropy

Before recombination the optical depth for photons 1s large leading to a strong
coupling between photons and baryons. During this tightly-coupled period the
short distance between scatterings suppresses the growth of anisotropy. As
recombination proceeds the photon mean free path increases and anisotropy grows.
This growth 1s described by the two Boltzmann equations
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These may be approximated by taking the optical depth to be large and expanding
in inverse powers of K. The resulting evolution equation for the source 1s

.3 h
Vo ey = b
T 10

The evolution of W 1s driven by the oscillation of the tensor mode. In solving this
we exploit the narrowness of the visibility function which allows us to treat the

value of 7 at the peak as representative. This works provided that we incorporate
an exponential damping term due to phase damping on small scales. We arrive at

an expression for the inteerated source
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Fig. 8. Integrated source shows
oscillation with wavenumber k.
These features are projected into the
angular power spectrum.
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suppression of the anisotropy.




