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ABSTRACT

Many models of early structure formation predict a period of heating immediately preceding reionization, when X-rays raise the gas temperature above that of the cosmic microwave
background. These X-rays are often assumed to heat the intergalactic medium (IGM) uniformly, but in reality they will heat the gas more strongly closer to the sources. We develop
a framework for calculating fluctuations in the 21 cm brightness temperature that originate
from this spatial variation in the heating rate. High-redshift sources are highly clustered, leading to significant gas temperature fluctuations (with fractional variations ∼ 40%, peaking on
k ∼ 0.1 Mpc−1 scales). This induces a distinctive peak-trough structure in the angle-averaged
21 cm power spectrum, which may be accessible to the proposed Square Kilometre Array.
This signal reaches the ∼ 10 mK level, and is stronger than that induced by Lyα flux fluctuations. As well as probing the thermal evolution of the IGM before reionization, this 21 cm
signal contains information about the spectra of the first X-ray sources. Finally, we consider
disentangling temperature, density and Lyα flux fluctuations as functions of redshift.
Key words: cosmology: theory – intergalactic medium – diffuse radiation – X-rays: diffuse
background

1 INTRODUCTION

The formation of the first luminous objects ends the cosmic
“Dark Ages” and begins a period of heating and ionization of
the intergalactic medium (IGM). The global thermodynamic
history of this epoch, which culminates in reionization, depends upon many poorly constrained processes such as star
formation, radiative feedback, and the growth of HII regions
(Barkana & Loeb 2001). Currently, the best constraints on the
ionization history come from observations of the Gunn-Peterson
trough in quasar absorption lines (Gunn & Peterson 1965) and
in WMAP observations of the optical depth to recombination
(Spergel et al. 2006). Current observations of the temperature
evolution of the IGM are similarly limited. At low redshift,
observations of the Lyα forest place constraints on the temperature
of the IGM after reionization (Schaye et al. 2000; McDonald et al.
2001; Zaldarriaga, Hui & Tegmark 2001; Theuns et al. 2002;
Hui & Haiman 2003). Unfortunately, photoionization during
reionization causes a large temperature increase that essentially
erases information about the preceding period. At high redshift it is
assumed that the gas cools adiabatically after thermal decoupling
from the CMB at z ≈ 150, when Compton scattering becomes
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inefficient (Peebles 1993). The intermediate regime, where the
first sources have “switched on”, is poorly constrained. Once
collapsed structures form many different heating mechanisms
are possible, e.g., shock heating (Furlanetto & Loeb 2004),
resonant scattering of Lyα photons (Madau, Meiksin & Rees
1997; Chen & Miralda-Escudé 2004; Chuzhoy & Shapiro
2006; Meiksin 2006; Rybicki 2006; Furlanetto & Pritchard
2006), and X-ray heating (Ostriker & Gnedin 1996; Oh 2001;
Venkatesan, Giroux & Shull 2001; Ricotti & Ostriker 2004).
Determining the thermal history and identifying the important
heating mechanisms requires new observations.

Future telescopes such as the James Webb Space Telescope
hope to image high-redshift sources directly. However, seeing
the sources is not the same as seeing the heating and ionization
they cause in the IGM. The most promising technique for probing the thermal history of the IGM before reionization is via observation of the 21 cm hyperfine transition of neutral hydrogen
(Furlanetto et al. 2006 and references therein). This line may be
seen in absorption against the CMB, when the spin temperature
TS is less than the CMB temperature Tγ , or in emission, when
TS > Tγ . Three prototype low-frequency interferometers (LO-
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FAR1 , MWA2 , and PAST3 ) are under construction and should be
capable of observing the redshifted 21 cm signal from gas at redshifts z . 12, with the proposed Square Kilometre Array4 (SKA)
capable of probing even higher redshifts. A great deal of theoretical work has now been done in calculating the 21 cm signal
from fluctuations in density δ (Loeb & Zaldarriaga 2004), the Lyα
flux Jα (Barkana & Loeb 2005b; Pritchard & Furlanetto 2006),
and the neutral fraction (Zaldarriaga, Furlanetto & Hernquist 2004;
Furlanetto, Zaldarriaga & Hernquist 2004). Fluctuations in the 21
cm brightness temperature Tb also occur because of fluctuations in
the gas kinetic temperature TK , but this has not yet been explored.
In this paper, we explore the effect of inhomogeneous X-ray
heating induced by the first luminous sources on the 21 cm signal using analytic techniques. We first build a model for the global
thermal history of the IGM following Furlanetto (2006). In this
model, we assume that a population of X-ray sources resulting
from the remnants of the first stars is responsible for heating the
IGM (Ostriker & Gnedin 1996; Oh 2001; Venkatesan et al. 2001;
Ricotti & Ostriker 2004). X-ray heating is dominated by soft Xrays (E . 2 keV), as harder X-rays have a mean free path comparable with the Hubble scale. These long mean free paths have
often motivated the simplifying assumption that X-rays heat the
IGM uniformly. In fact, clustering of the sources and the 1/r 2 decrease of flux with distance combine to produce significantly inhomogeneous heating. We develop a formalism, based upon that
of Barkana & Loeb (2005b), for calculating the temperature fluctuations that are sourced by these inhomogeneities. We use this to
explore features in the 21 cm power spectrum that constrain the
evolution of TK . This calculation, also, motivates a consideration
of the possibility of using 21 cm measurements to constrain the
X-ray emission spectrum of the first sources.
Simulations of the early universe have yet to address the spectrum of temperature fluctuations in the period before reionization. Previous analytic consideration of fluctuations in TK has focused on the period following recombination but before sources
form (Barkana & Loeb 2005c; Naoz & Barkana 2005). Temperature fluctuations induced by the first sources have not previously
been considered in detail.
The 21 cm signal can be thought of as a tool for probing various radiation backgrounds. Gas temperature fluctuations
probe the X-ray background, neutral fraction fluctuations probe
the ionizing UV background, and Lyα fluctuations probe the nonionizing UV background. While the focus of this paper is X-ray
heating of the IGM, in practice, the different sources of 21 cm
fluctuation are not cleanly separated. In order to properly establish context, we briefly re-examine the signal from fluctuations in
the Lyα flux, incorporating Lyα production by X-ray excitation
of HI (Chen & Miralda-Escude 2006; Chuzhoy, Alvarez & Shapiro
2006), and determine whether this contains extra useful information for constraining the spectral properties of the X-ray sources.
Finally, we explore the feasibility of separating information on the
temperature and Lyα flux fluctuations with the 21 cm signal.
The layout of this paper is as follows. We begin by setting
out the physics of the 21 cm signal in §2. Calculating this requires
a model for the global history of the IGM, which we outline in
§3. Having established the mean history, in §4 we describe our
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framework for calculating fluctuations in TK , Jα , and the neutral
fraction. This is used to calculate the power spectrum for fluctuations in TK in §5. We then calculate the 21 cm signal in §6, exploring both the redshift evolution and dependence on the X-ray
spectrum. Finally, we discuss the possibility of observationally detecting and separating these signals in §7 before concluding in §8.
Throughout this paper, we assume a cosmology with Ωm = 0.26,
ΩΛ = 0.74, Ωb = 0.044, H = 100h km s−1 Mpc−1 (with
h = 0.74), nS = 0.95, and σ8 = 0.8, consistent with the latest
measurements (Spergel et al. 2006), although we have increased σ8
above the best-fit WMAP value to improve agreement with weaklensing data.

2 21 CM SIGNAL
We begin by briefly summarising the physics of the 21 cm signal
and refer the interested reader to Furlanetto, Oh & Briggs (2006)
for further information. The 21 cm line of the hydrogen atom results from hyperfine splitting of the 1S ground state due to the interaction of the magnetic moments of the proton and the electron.
The HI spin temperature TS is defined via the number density of
hydrogen atoms in the 1S singlet and triplet levels, n0 and n1 respectively, n1 /n0 = (g1 /g0 ) exp(−T⋆ /TS ), where (g1 /g0 ) = 3
is the ratio of the spin degeneracy factors of the two levels, and
T⋆ ≡ hc/kλ21cm = 0.0628 K. The optical depth of this transition
is small at all relevant redshifts, so the brightness temperature of
the CMB is
Tb = 27xHI (1 + δb )



1/2 
Ωb h2
0.15 1 + z
TS − Tγ
×
mK,
0.023
Ωm h2 10
TS

(1)

Here xHI is the neutral fraction of hydrogen and δb is the fractional
overdensity in baryons. The spin temperature is given by
TS−1 =

−1
Tγ−1 + xα Tα−1 + xc TK
,
1 + xα + xc

(2)

where Tα is the colour temperature of the Lyα radiation field at the
Lyα frequency and is closely coupled to TK by recoil during repeated scattering. The spin temperature becomes strongly coupled
to the gas temperature when xtot ≡ xc + xα & 1.
The collisional coupling coefficient is given by
i
4T⋆ h HH
xc =
κ1−0 (Tk )nH + κeH
(3)
1−0 (Tk )ne ,
3A10 Tγ
where A10 = 2.85 × 10−15 s−1 is the spontaneous emission coefficient, κHH
1−0 is tabulated as a function of Tk
(Allison & Dalgarno 1969; Zygelman 2005) and κeH
1−0 is taken
from Furlanetto & Furlanetto (2006). For a more detailed analysis
of the collisional coupling, see Hirata & Sigurdson (2006).
The Wouthysen-Field effect (Wouthuysen 1952; Field 1958)
coupling is given by
xα =

16π 2 T⋆ e2 fα
Sα Jα ,
27A10 Tγ me c

(4)

where fα = 0.4162 is the oscillator strength of the Lyα transition. Sα is a correction factor of order unity, which describes the
detailed structure of the photon distribution in the neighbourhood
of the Lyα resonance (Chen & Miralda-Escudé 2004; Hirata 2006;
Chuzhoy & Shapiro 2006; Furlanetto & Pritchard 2006). We make
use of the approximation for Sα outlined in Furlanetto & Pritchard
c 0000 RAS, MNRAS 000, 000–000
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(2006). For the models considered in this paper, Lyα coupling dominates over collisional coupling.
Fluctuations in the 21 cm signal may be expanded
(Furlanetto et al. 2006)
δTb = βδ + βx δx + βα δα + βT δT − δ∂v ,

(5)

where each δi describes the fractional variation in the quantity i: δα
for fluctuations in the Lyα coupling coefficient, δx for the neutral
fraction, δT for TK , and δ∂v for the line-of-sight peculiar velocity
gradient. The expansion coefficients are given by
xc
β = 1+
,
(6)
xtot (1 + xtot )
βx

=

βα

=

βT

=

xHH
− xeH
c
c
,
xtot (1 + xtot )
xα
,
xtot (1 + xtot )
Tγ
TK − T γ


HH
1
d log κeH
HH d log κ10
10
+
.
+
x
xeH
c
c
xtot (1 + xtot )
d log TK
d log TK

1+

In this, we assume that baryons trace the density field exactly so
that δb = δ. All of these quantities are positive, with the exception of βT , whose sign is determined by (TK − Tγ ). The apparent divergence in βT when TK = Tγ is an artefact of expanding
the fractional brightness temperature about a point where the mean
brightness temperature T̄b = 0. The physical quantity T̄b βT is always well behaved.
Noting that in Fourier space δ∂v = −µ2 δ (Bharadwaj & Ali
2004), where µ is the angle between the line of sight and the
wavevector k of the Fourier mode, we may use equation (5) to form
the power spectrum (Barkana & Loeb 2005a)
PTb (k, µ) = Pµ0 (k) + µ2 Pµ2 (k) + µ4 Pµ4 (k).

(7)

In theory, high precision measurements of the 3D power spectrum
will allow the separation of these terms by their angular dependence. However, it is unclear whether the first generation of 21
cm experiments will be able to achieve the high signal-to-noise required for this separation (McQuinn et al. 2005). Instead, they will
measure the angle averaged quantity
P̄Tb (k) = Pµ0 (k) + Pµ2 (k)/3 + Pµ4 (k)/5.

(8)

In presenting our results, we will concentrate on Pµ2 (k), which
most cleanly separates out the different types of fluctuation, and
P̄Tb (k), which is easiest to observe. We will typically plot the
power per logarithmic interval ∆ = [k3 P (k)/2π 2 ]1/2 .

3 GLOBAL HISTORY
3.1 Outline
We may express Tb as a function of four variables Tb =
Tb (TK , xi , Jα , nH ). In calculating the 21 cm signal, we require
a model for the global evolution of and fluctuations in these quantities. We will follow the basic formalism of Furlanetto (2006), but
first let us consider the main events in likely chronological order.
This determines redshift intervals where the signal is dominated by
fluctuations in the different quantities.
z & 200: After recombination, Compton scattering maintains
thermal coupling of the gas to the CMB, setting TK = Tγ so that
we expect T̄b = 0.
c 0000 RAS, MNRAS 000, 000–000
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40 . z . 200: In this regime, adiabatic cooling means TK <
Tγ and collisional coupling sets TS < Tγ , leading to T̄b < 0
and a possible absorption signal. At this time, Tb fluctuations are
sourced by density fluctuations, potentially allowing cosmology to
be probed (Loeb & Zaldarriaga 2004; Hirata & Sigurdson 2006).
z⋆ . z . 40: As the expansion continues, decreasing the
gas density, collisional coupling becomes ineffective, absorption of
CMB photons sets TS = Tγ , and there is no detectable 21 cm
signal.
zα . z . z⋆ : Once the first sources switch on at z⋆ , they
emit both Lyα photons and X-rays. In general, the emissivity required for Lyα coupling is significantly less than that for heating
TK above Tγ . Thus, in the simplest models, we expect the redshift zα , where Lyα coupling saturates xα ≫ 1, to be greater
than zh , where T̄K = Tγ . In this regime, TS ∼ Tk < Tγ and
there is an absorption signal. Fluctuations are dominated by density
fluctuations and variation in the Lyα flux (Barkana & Loeb 2005b;
Pritchard & Furlanetto 2006; Chen & Miralda-Escude 2006).
zh . z . zα : After Lyα coupling saturates, fluctuations in
the Lyα flux no longer affect the 21 cm signal. By this point, heating becomes significant and gas temperature fluctuations source Tb
fluctuations. While TK remains below Tγ we see a 21 cm signal in
absorption, but as TK approaches Tγ hotter regions may begin to
be seen in emission.
zT . z . zh : After the heating transition, TK > Tγ and
we expect to see a 21 cm signal in emission. The 21 cm brightness temperature is not yet saturated, which occurs at zT , when
TS ∼ TK ≫ Tγ . By this time, the ionization fraction has likely
risen above the percent level. Brightness temperature fluctuations
are sourced by a mixture of fluctuations in ionization, density and
gas temperature.
zr . z . zT : Continued heating drives TK ≫ Tγ at zT
and temperature fluctuations become unimportant. TS ∼ TK ≫
Tγ and the dependence on TS may be neglected in equation 1,
which greatly simplifies analysis of the 21 cm power spectrum
(Santos & Cooray 2006). By this point, the filling fraction of HII
regions probably becomes significant and ionization fluctuations
begin to dominate the 21 cm signal (Furlanetto et al. 2004).
z . zr : After reionization, any remaining 21 cm signal originates from overdense regions of collapsed neutral hydrogen.
Most of these epochs are not sharply defined, so there should
be considerable overlap between them. This seems the most likely
sequence of events, although there is considerable uncertainty in
the ordering of zα and zh . Nusser (2005) explores the possibility that zh > zα , so that X-ray preheating allows collisional coupling to be important before the Lyα flux becomes significant.
Simulations of the very first mini-quasar (Kuhlen & Madau 2005;
Kuhlen, Madau & Montgomery 2006) also probe this regime and
show that the first luminous X-ray sources can have a great impact
on their surrounding environment.
In this paper, we will concentrate on the period after z⋆ , when
luminous sources “switch on”, but before the IGM has been heated
to temperatures TK ≫ Tγ (our zT ). In this regime Lyα coupling
dominates and the 21 cm signal is seen in absorption at high z but
in emission at lower z. We shall explore this transition in more
detail below. One of our key observables for 21 cm observations is
the sign of βT , which indicates whether TK > Tγ (provided that
collisional coupling can be neglected).
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3.2 Heating and ionization
Having set the broad context, let us tighten our discussion with a
concrete model for the evolution of the IGM; in this we will follow Furlanetto (2006). We will distinguish between the ionization
fraction xi , relating to the volume filled by the highly ionized HII
regions that are located around clusters of sources, and the free
electron fraction xe of the largely neutral gas outside these HII regions. The former is important for determining when reionization
occurs, while the latter governs X-ray heating in the bulk of the
IGM. We note that the volume filling fraction of the HII regions is
well approximated by xi , which we will use to calculate volume
averaged quantities.
We begin by writing down equations for the evolution of TK ,
xi , and xe
dTK
2TK dn
2 X ǫj
=
+
,
(9)
dt
3n dt
3kB j n
dxi
= (1 − xe )Λi − αA Cx2i nH ,
(10)
dt
dxe
= (1 − xe )Λe − αA Cx2e nH ,
(11)
dt
where ǫj is the heating rate per unit volume, and we sum over all
possible sources of heating/cooling j. We define Λi to be the rate
of production of ionizing photons per unit time per baryon applied
to HII regions, Λe is the equivalent quantity in the bulk of the IGM,
αA = 4.2 × 10−13 cm3 s−1 is the case-A recombination coefficient5 at T = 104 K, and C ≡ hn2e i/hne i2 is the clumping factor.
We model the clumping factor using C = 2; this value for C reproduces the qualitative form of the histories in Furlanetto (2006) and
ensures reionization at z & 6. This approximation is appropriate
only while xi is small, and will fail towards the end of reionization, when clumping becomes important in determining the effect
of recombinations (Miralda-Escudé, Haehnelt & Rees 2000).
In modelling the growth of HII regions, we take
Λi = ζ(z)

dfcoll
,
dt

(12)

where fcoll (z) is the fraction of gas inside collapsed objects at z
and the ionization efficiency parameter ζ is given by
ζ = AHe f⋆ fesc Nion ,

(13)

with Nion the number of ionizing photons per baryon produced
in stars, f⋆ the fraction of baryons converted into stars, fesc the
fraction of ionizing photons that escape the host halo, and AHe a
correction factor for the presence of Helium. This model for xi is
motivated by a picture of HII regions expanding into neutral hydrogen (Barkana & Loeb 2001). In calculating fcoll , we use the
Press & Schechter (1974) mass function dn/dm and determine a
minimum mass mmin for collapse by requiring the virial temperature Tvir ≥ 104 K, appropriate for cooling by atomic hydrogen. We
note that xe ≪ 1 at all redshifts under consideration, as once the
free electron fraction reaches a few percent further X-ray energy is
deposited as heat, not further ionization.
To integrate equation (9), we must specify which heating
mechanisms are important. Furlanetto (2006) considers several
heating mechanisms including shock heating (Furlanetto & Loeb
2004) and resonant scattering of Lyα photons (Madau et al.
5
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1997; Chen & Miralda-Escudé 2004; Chuzhoy & Shapiro 2006;
Furlanetto & Pritchard 2006). We shall neglect these contributions
to heating of the IGM, focusing instead on the dominant mechanisms of Compton heating and X-ray heating. While shock heating
dominates the thermal balance at low z, during the epoch we are
considering it, probably, heats the gas only slightly before X-ray
heating dominates.
Compton heating serves to couple TK to Tγ at redshifts z &
150 but becomes ineffective below that redshift. In our context, it
serves to set the initial conditions before star formation begins. The
heating rate per particle for Compton heating is given by
2 ǫcompton
xe
Tγ − TK uγ
(1 + z)4 ,
=
3 kB n
1 + fHe + xe
tγ
ūγ

(14)

where fHe is the helium fraction (by number), uγ is the energy
density of the CMB, σT = 6.65 × 10−25 cm2 is the Thomson
cross-section, and we define
t−1
γ =

8ūγ σT
= 8.55 × 10−13 yr−1 .
3me c

(15)

X-rays heat the gas primarily through photo-ionization of HI
and HeI: this generates energetic photo-electrons, which dissipate
their energy into heating, secondary ionizations, and atomic excitation. With this in mind, we calculate the total rate of energy deposition per unit volume as
Z
(16)
ǫX = 4πni dν σν,i Jν (hν − hνth ),
where we sum over the species i =HI, HeI, and HeII, ni is the
number density of species i, hνth = Eth is the threshold energy
for ionization, σν,i is the cross-section for photoionization, and Jν
is the number flux of photons of frequency ν. We may divide this
energy into heating, ionization, and excitation by inserting the factor fi (ν), defined as the fraction of energy converted into form i at a
specific frequency. The relevant division of the X-ray energy is calculated using the fitting formulae of Shull & van Steenberg (1985).
The fi (ν) are approximately independent of ν for hν & 100 eV,
so that the ionization rate is related to the heating rate by a factor
fion /(fheat Eth ). The X-ray number flux is found from
Z ∞
JX (z) =
dν JX (ν, z),
(17)
νth

=

Z

∞

dν
νth

Z

z⋆

dz ′

z

(1 + z)2 c
ǫ̂X (ν ′ , z ′ )e−τ ,
4π
H(z ′ )

where ǫ̂X (ν, z) is the comoving photon emissivity for X-ray
sources, and ν ′ is the emission frequency at z ′ corresponding to
an X-ray frequency ν at z
ν′ = ν

(1 + z ′ )
.
(1 + z)

The optical depth is given by
Z
τ = dl (nHI σHI + nHeI σHeI + nHeII σHeII ),

(18)

(19)

where we calculate the cross-sections using the fits of Verner et al.
(1996). In practice, the abundance of HeII is negligible and may be
neglected.
X-ray heating is often portrayed as uniform, as the X-ray photons possess long mean free paths. The comoving mean free path
of an X-ray with energy E is (Furlanetto et al. 2006)

−2 

1+z
E
1/3
λX ≈ 4.9x̄HI
.
(20)
15
300 eV
c 0000 RAS, MNRAS 000, 000–000
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Thus, the Universe will be optically thick, over a Hubble length,
1/3
to all photons with energy below E ∼ 2[(1 + z)/15]1/2 x̄HI keV.
−3
The E
dependence of the cross-section means that heating is
dominated by soft X-rays, which do fluctuate on small scales. In
addition, though, there will be a uniform component to the heating
from harder X-rays.
We consider three possible sources of X-rays: starburst
galaxies, supernova remnants (SNR), and miniquasars (Oh 2001;
Glover & Brand 2003; Furlanetto 2006). The incidences of starbursts and supernova remnants are likely to be tied to the global star
formation rate (Glover & Brand 2003). For simplicity, we will assume that miniquasars similarly track the star formation rate (SFR).
In reality, of course, their evolution could be considerably more
complex (Madau et al. 2004). We characterise these sources by an
emissivity per unit (comoving) volume per unit frequency


SFRD
ǫ̂X (z, ν) = ǫ̂X (ν)
,
(21)
M⊙ yr−1 Mpc−3
where SFRD is the star formation rate density, and the spectral distribution function is a power law with index αS
 −αS −1
ν
L0
ǫ̂X (ν) =
,
(22)
hν0 ν0
and the pivot energy hν0 = 1 keV. We assume emission within the
band 0.1 – 30 keV, and set L0 = 3.4 × 1040 fX erg s−1 Mpc−3 ,
where fX is a highly uncertain constant factor. This normalisation
is chosen so that, with fX = 1, the total X-ray luminosity per unit
SFR is consistent with that observed in starburst galaxies in the
present epoch (see Furlanetto 2006 for further details). Extrapolating observations from the present day to high redshift is fraught
with uncertainty, and we note that this normalisation is very uncertain. The total X-ray luminosity at high redshift is constrained by
observations of the present day soft X-ray back ground, which rules
out complete reionization by X-rays, but allows considerable latitude for heating (Dijkstra, Haiman & Loeb 2004). Similarly, there
is significant uncertainty in the spectra of these objects. We choose
αS = 1.5 for starbursts, αS = 1.0 for SNR, and αS = 0.5 for
miniquasars (Madau et al. 2004). These span the reasonable spectral dependence of possible X-ray sources.
As in equation (12), we model the star formation rate as tracking the collapse of matter, so that we may write the star formation
rate per (comoving) unit volume
SFRD = ρ̄0b (z)f∗

d
fcoll (z).
dt

(23)

where ρ̄0b is the cosmic mean baryon density today. This formalism
is appropriate for z & 10, as at later times star formation as a result
of mergers becomes important.

3.3 Lyα flux
Finally, we must describe the evolution of the Lyα flux. This is
produced by stellar emission (Jα,⋆ ) and by X-ray excitation of
HI (Jα,X ). Photons emitted by stars, between Lyα and the Lyman limit, will redshift until they enter a Lyman series resonance.
Subsequently, they may generate Lyα photons, as discussed in
Pritchard & Furlanetto (2006) and Hirata (2006). The Lyα flux
from stars Jα,⋆ arises from a sum over the Lyn levels, with the
maximum n that contributes nmax ≈ 23 determined by the size of
the HII region of a typical (isolated) galaxy (see Barkana & Loeb
c 0000 RAS, MNRAS 000, 000–000
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2005b for details). The average Lyα background is then
Jα,⋆ (z)

=
=

nX
max

n=2
nX
max

Jα(n) (z),

(24)

frecycle (n)

n=2

×

Z

zmax (n)

dz ′
z

(1 + z)2 c
ǫ̂⋆ (νn′ , z ′ ),
4π
H(z ′ )

where zmax (n) is the maximum redshift from which emitted photons will redshift into the level n Lyman resonance, νn′ is the emission frequency at z ′ corresponding to absorption by the level n at z,
frecycle (n) is the probability of producing a Lyα photon by cascade
from level n, and ǫ̂⋆ (ν, z) is the comoving photon emissivity for
stellar sources. We calculate ǫ̂⋆ (ν, z) in the same way as for X-rays
(eq. 21), and define ǫ̂⋆ (ν) to be the spectral distribution function of
the stellar sources. We consider models with Pop. II and very massive Pop. III stars. In each case, we take ǫ̂⋆ (ν) to be a broken power
law with one index describing emission between Lyα and Lyβ, and
a second describing emission between Lyβ and the Lyman limit
(see Pritchard & Furlanetto 2006 for details).
Photoionization of HI or HeI by X-rays may also lead
to the production of Lyα photons. In this case, some of the
primary photo-electron’s energy ends up in excitations of HI
(Shull & van Steenberg 1985), which on relaxation may generate
Lyα photons (Madau et al. 1997; Chen & Miralda-Escude 2006;
Chuzhoy et al. 2006). This Lyα flux Jα,X may be related to the
X-ray heating rate as follows. The rate at which X-ray energy is
converted into Lyα photons is given by
ǫX,α = ǫX,heat

fex
pα ,
fheat

(25)

where fex and fheat are the fraction of X-ray energy going into excitation and heating respectively, and pα is the fraction of excitation
energy that goes into Lyα photons. We then find the Lyα flux by
assuming that this injection rate is balanced by photons redshifting
out of the Lyα resonance, so
Jα,X =

c ǫX,α 1
.
4π hνα Hνα

(26)

Shull & van Steenberg (1985) calculated fex and fheat , but
their Monte Carlo method gives only a little insight into the value of
pα . Although excitations to the 2P level will always generate Lyα
photons, only some fraction of excitations to other levels will lead
to Lyα generating cascades. The rest will end with two photon decay from the 2S level. Shull & van Steenberg (1985) considered a
simplified atomic system, in which collisional excitations to n ≥ 3
levels were incorporated by multiplying the excitation cross-section
to the n = 2 level by a factor of 1.35 (Shull 1979). Thus, we might
expect of order 0.35/1.35 ∼ 0.26 of collisional excitations to end
at an n ≥ 3 level.
We estimate pα by calculating the probability that a secondary electron of energy Esec will excite HI from the ground
state to the level nP, using the collisional cross-sections6 of
Bray et al. (2002), and then applying the probability that the
resulting cascade will produce a Lyα photon, taken from
Pritchard & Furlanetto (2006) and Hirata (2006). The iterative procedure of Pritchard & Furlanetto (2006) gives the probability of
producing a Lyα photon by cascade from the level nL as: (0, 1)
6

Taken from http://atom.murdoch.edu.au/CCC-WWW/index.html.
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Figure 1. Thermal history for model A (thick curves) and B (thin curves).
(a): T̄K (solid curve), Tγ (dashed curve), and T̄S (dotted curve). (b): Volume averaged T̄b (solid curve). The zero line is indicated by a dashed horizontal line.

for (2S, 2P), (1, 0, 1) for (3S, 3P, 3D), and (0.584, 0.261, 0.746, 1)
for (4S, 4P, 4D, 4F).
Summing over atomic levels n ≤ 4, we obtain pα = 0.79 for
Esec = 30 eV. The contribution from n > 4 levels is small as the
collisional cross-sections drop off rapidly as n increases. The exact
result depends upon the energy distribution of the secondary electrons, which in turn depends upon the spectrum of ionizing X-rays.
Our chosen value for Esec corresponds to the mean electron energy
(obtained using the distribution of Shull 1979) produced by X-rays
of energy 1.7 keV, which is the mean X-ray energy from a source
with spectral index α = 1.5 over the band 0.1 − 30 keV. Calculating pα exactly requires an update of the Shull & van Steenberg
(1985) calculation, but, by considering different values for Esec , we
conclude that it should differ from pα = 0.79 by less than 10%.

3.4 Model histories
Having outlined the various elements of our global history, we will
restrict ourselves to considering two models. These will be A) Pop.
II stars + starburst galaxies and B) Pop. III + starburst galaxies. Of
course, these are only two of an infinite set of possibilities, but they
are representative of the kinds of generic behaviour expected in any
model. We use parameters corresponding to Pop. II (fesc = 0.1,
f⋆ = 0.1, Nion = 4000) and very massive Pop. III (fesc = 0.1,
f⋆ = 0.01, Nion = 30000) stars (Furlanetto 2006), although we
note that these values are highly uncertain. We take fX = 1 in
both models, to allow straightforward comparison between the two
models. The amplitude of the X-ray background is extremely uncertain so that fX is almost unconstrained, and we defer discussion
of its effects until the end of this paper.
The global histories produced by these models are shown in
Figure 1 and Figure 2. In Figure 1, we see the evolution of T̄K , T̄S ,
and Tγ . Note that, while both models produce the same qualitative
behaviour, the reduced star formation rate in Model B delays the

Figure 2. Ionization histories for model A (thick curves) and B (thin
curves). (a): xi (dotted curve), xe (dashed curve), and the volume averaged
ionization fraction x̄i = xi + (1 − xi )xe (solid curve). (b): The quantities
βi T̄b . We plot β (solid curve), βx (long dashed curve, overlapping with β),
βT (short dashed curve), and βα (dotted curve).

onset of heating from z ≈ 18 to z ≈ 15. We also see that the heating transition, where T̄K = Tγ , occurs at zh ≈ 14 in Model A and
zh ≈ 11 in Model B. We have assumed that the X-ray luminosity per unit star formation is the same for both populations, so this
is an effect of f⋆ rather than the initial mass function. In addition,
Pop. III stars produce fewer Lyα photons than Pop. II stars further
slowing the onset of Lyman coupling.
Figure 1b shows the distinctive T̄b signature of absorption at
z > zh followed by emission at z < zh in both models. The
signal is significantly larger and more extended in Model A (See
Furlanetto 2006 for more detailed discussion of such histories).
The ionization history is outlined in Figure 2a and shows that xi
evolves similarly in both models, as they have similar values for
ζ. The electron fraction in the IGM xe is depressed in model B,
where there is a small ionizing X-ray background. Note that xe
remains much smaller than xi once ionization begins. Both ionization histories produce an optical depth to the surface of last scattering τri consistent with the WMAP third year observations of
τri = 0.09 ± 0.03 (Spergel et al. 2006).
Figure 2b shows βi T̄b , which is a measure of the sensitivity of
the 21 cm signal to fluctuations in each fundamental quantity. If the
21 cm signal were dominated by component i and if the fluctuation
had unit amplitude δi ≈ 1, then βi T̄b gives the amplitude of the
21 cm signal. Note that the curves for δ and δx are almost indistinguishable and track T̄b . In contrast, the curves for δα and δT show
clear peaks – representing windows where an existing signal might
be seen. We may identify zh as the point where T̄b = 0 and all
curves except that for βT go to zero. At this point, the only fluctuations in Tb arise from fluctuations in TK . In practice, this “null” is
more mathematical than physical, as inhomogeneities will blur the
situation. The redshift window for observing the 21 cm signal is
clearly much narrower in model B, indicating that it will be much
more confused than in model A.
c 0000 RAS, MNRAS 000, 000–000
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4 FORMALISM FOR TEMPERATURE AND
IONIZATION FLUCTUATIONS
Having specified our global history, we now turn to calculating the
fractional fluctuations δα , δT , and δx . Note that we will primarily be interested in the signal from the bulk of the IGM, working
at redshifts where xi . 0.1, so that we will ignore the fluctuations induced by HII regions. We begin by forming equations for
the evolution of δT and δe (the fractional fluctuation in xe ) by perturbing equations (9) and (11) (see also Barkana & Loeb 2005c;
Naoz & Barkana 2005). This gives
X 2Λ̄heat,i
dδT
2 dδ
[δΛheat,i − δT ],
−
=
dt
3 dt
3kB T̄K
i

dδe
(1 − x̄e )
=
Λ̄e [δΛe − δe ] − αA C x̄e n̄H [δe + δ],
dt
x̄e

(27)

(28)

where an overbar denotes the mean value of that quantity, and
Λ = ǫ/n is the ionization or heating rate per baryon. We also need
the fluctuation in the neutral fraction δx = −xe /(1 − xe )δe and in
the Lyα coupling coefficient δα = δJα , neglecting the mild temperature dependence of Sα (Furlanetto & Pritchard 2006).
To obtain a closed set of equations, we must calculate the
fluctuations in the heating and ionizing rates. Perturbing equation
(14) we find that the right hand side of equation (27) becomes
(Naoz & Barkana 2005)

(29)

where δTγ is the fractional fluctuation in the CMB temperature,
and we have ignored the effect of ionization variations, which are
small. At high z, tight coupling sets TK = Tγ and so δTγ = δT .
This coupling leaves a scale dependent imprint in the temperature
fluctuations, which slowly decreases in time. We will ignore this effect, as it is small (∼ 10%) below z = 20 and once X-ray heating
becomes effective any memory of these early temperature fluctuations is erased. At low z, the amplitude of δTγ becomes negligible,
and equation (29) simplifies.
Our main challenge then is to calculate the fluctuations in the
X-ray heating. We shall achieve this by paralleling the approach
of Barkana & Loeb (2005b) to calculating fluctuations in the Lyα
flux from a population of stellar sources. We first outline their results (see also Pritchard & Furlanetto 2006). Density perturbations
source Jα fluctuations via three effects. First, the number of galaxies traces, but is biased with respect to, the underlying density field.
As a result an overdense region will contain a factor [1 + b(z)δ]
more sources, where b(z) is the (mass-averaged) bias, and will have
a larger Jα . Next, photon trajectories near an overdense region are
modified by gravitational lensing, increasing the effective area by
a factor (1 + 2δ/3). Finally, peculiar velocities associated with gas
flowing into overdense regions establish an anisotropic redshift distortion, which modifies the width of the region corresponding to a
given observed frequency. Given these three effects, we can write
δα = δJα = Wα (k)δ, where we compute the window function
Wα,⋆ (k) for a gas element by adding the coupling due to Lyα flux
c 0000 RAS, MNRAS 000, 000–000

Wα,⋆ (k) =

1
Jα,⋆
×

nX
max

Z

(n)

zmax (n)

dz ′

n=2 z

′

D(z )
D(z)

dJα
dz ′

[1 + b(z ′ )]j0 (kr) −


2
j2 (kr) ,
3

(30)

where D(z) is the linear growth function and the jl (x) are spherical Bessel functions of order l. The first term in brackets accounts
for galaxy bias while the second describes velocity effects. The ratio D(z ′ )/D(z) accounts for the growth of perturbations between
z ′ and z. Each resonance contributes a differential comoving Lyα
(n)
flux dJα /dz ′ , calculated from equation (24). We plot Wα,⋆ (k)
in Figure 3. On large scales, Wα,⋆ (k) approaches the average bias
of sources, while on small scales it dies away rapidly encoding the
property that the Lyα flux becomes more uniform. In addition to
the fluctuations in Jα,⋆ , there will be fluctuations in Jα,X . We calculate these below, but note in passing
P that the effective value of
Wα is the weighted average Wα = i Wα,i (Jα,i /Jα ) of the contribution from stars and X-rays.
We now extend the formalism of Barkana & Loeb (2005b)
in an obvious way to calculate fluctuations in the X-ray heating
rate. First, note that for X-rays δΛion = δΛheat = δΛα = δΛX ,
as the rate of heating, ionization, and production of Lyα photons
differ only by constant multiplicative factors (provided that we
may neglect fluctuations in xe , which are small). In each case,
fluctuations arise from variation in the X-ray flux. We then write
δΛX = WX (k)δ and obtain
1
WX (k) =
Λ̄X

−4

a
2Λ̄heat,C
x̄e
[δΛheat,C − δT ] =
1 + fHe + x̄e tγ
3kB T̄K
 


T̄γ
T̄γ
× 4
− 1 δTγ +
(δTγ − δT ) ,
T̄K
T̄K

7

Z

∞

dE
Eth

D(z ′ )
×
D(z)



Z

z⋆
z

dz ′

dΛX (E)
dz ′

[1 + b(z ′ )]j0 (kr) −


2
j2 (kr) ,
3

(31)

where the contribution to the energy deposition rate by X-rays of
energy E originating from between redshifts z ′ and z ′ + dz ′ is
given by
dΛX (E)
4π
dJX (E, z)
=
σν (E)
(E − Eth ),
dz ′
h
dz ′

(32)

and Λ̄X is obtained by performing the energy and redshift integrals. Note that rather than having a sum over discrete levels, as
in the Lyα case, we must integrate over the X-ray energies. The
differential X-ray number flux is found from equation (17).
We compare the form of WX (k) and the stellar component
of Wα (k) in Figure 3. Including the X-ray contribution in Wα (k)
drives that curve towards the WX (k) curve. Note that WX shows
significantly more power on smaller scales than Wα , reflecting the
greater non-uniformity in the X-ray heating; most heating comes
from soft X-rays, which have mean free paths much smaller than
the effective horizon of Lyα photons. Also, while Wα shows a subtle break in slope at k ≈ 3 Mpc−1 , WX shows no obvious features
indicative of preferred scales. Both WX and Wα trace the bias on
very large scales.
To obtain solutions for equations (27) and (28), we let δT =
gT (k, z)δ, δe = ge (k, z)δ, δα = Wα (k, z)δ, and δΛX =
WX (k, z)δ, following the approach of Bharadwaj & Ali (2004).
Unlike Bharadwaj & Ali (2004), we do not assume these quantities to be independent of scale, and so we must solve the resulting
equations for each value of k. Note that we do not include the scale
dependence induced by coupling to the CMB (Naoz & Barkana
2005). In the matter dominated limit, we have δ ∝ (1 + z)−1 and
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Figure 3. Wα,⋆ (k) (dotted curves), WX (k) (dashed curves), and gT (k)
(solid curves) at z = 20 (thin curves) and z = 15 (thick curves) for Model
A.

so obtain
dgT
=
dz



dge
=
dz




gT − 2/3
−QX (z)[WX (k)−gT ]−QC (z)gT , (33)
1+z

ge
1+z



− QI (z)[WX (k) − ge ] + QR (z)[1 + ge ], (34)

2/3, but when Compton heating is effective at high z, it deposits an
equal amount of heat per particle, driving the gas towards isothermality (gT → 0). At low z, where X-ray heating of the gas becomes significant, the temperature fluctuations are dominated by
spatial variation in the heating rate (gT → WX ). This embodies the
higher temperatures closer to clustered sources of X-ray emission.
If the heating rate is uniform WX (k) ≈ 0, then the spatially constant input of energy drives the gas towards isothermality gT → 0.
The behaviour of ge is similarly straightforward to interpret.
At high redshift, when the IGM is dense and largely neutral, the
ionization fraction is dominated by the recombination rate, pushing
gx → −1, because denser regions recombine more quickly. As the
density decreases and recombination becomes ineffective, the first
term of equation (34) slowly pushes gx → 0. Again, once ionization becomes important, the ionization fraction is pushed towards
tracking spatial variation in the ionization rate (gx → WX ). Note
that, because the ionization fraction in the bulk remains less than
a few percent, fluctuations in the neutral fraction remain negligibly
small at all times.
The scale dependence of gT is illustrated in Figure 3. gT tries
to track the heating fluctuations WX (k) (as in the z = 15 curve),
but two factors prevent this. First, until heating is significant, the
effect of adiabatic expansion tends to smooth out variations in gT .
Second, gT responds to the integrated history of the heating fluctuations, so that it tends to lag WX somewhat. When the bulk of star
formation has occurred recently, as when the star formation rate is
increasing with time, then there is little lag between gT and WX .
In contrast, when the star formation rate has reached a plateau or
is decreasing the bulk of the X-ray flux originates from noticeably
higher z and so gT tends to track the value of WX at this higher
redshift. On small scales, the heating fluctuations are negligible and
gT returns to the value of the (scale independent) uniform heating
case.

where we define
QI (z) ≡

(1 − x̄e )
Λ̄ion,X
,
x̄e
(1 + z)H(z)

αA C x̄e n̄H
,
QR (z) ≡
(1 + z)H(z)

QC (z) ≡

(35)

(36)

(1 + z)3 Tγ
x̄e
,
1 + fHe + x̄e tγ H(z) T̄K

(37)

2Λ̄heat,X
.
3kB T̄K (1 + z)H(z)

(38)

and
QX (z) ≡

These are defined so that QR and QI give the fractional change
in xe per Hubble time as a result of recombination and ionization
respectively. Similarly, QC and QX give the fractional change in
T̄K per Hubble time as a result of Compton and X-ray heating.
Immediately after recombination QC is large, but it becomes negligible once Compton heating becomes ineffective at z ∼ 150. The
QR term becomes important only towards the end of reionization,
when recombinations in clumpy regions slows the expansion of HII
regions. Only the QX and QI terms are relevant immediately after
sources switch on. We must integrate these equations to calculate
the temperature and ionization fluctuations at a given redshift and
for a given value of k.
These equations illuminate the effect of heating. First, consider gT . Adiabatic expansion and cooling tends to drive gT →

5 TEMPERATURE FLUCTUATIONS
Before calculating the 21 cm signal, let us first examine the gas
temperature fluctuations themselves. Figure 4 shows the power
spectrum of temperature fluctuations PT (k) for models A and B respectively. We see that in both cases the fluctuations are small until
z < 20. At lower redshifts and on larger scales (k ≈ 0.1 Mpc−1 ),
the heating fluctuations source a significant (factor of ≈ 50) enhancement over the uniform heating case. This is to be expected.
Uniform heating of the gas tends to erase temperature fluctuations,
while inhomogeneous heating causes them to grow. Thus we observe a huge increase in power. The fluctuation amplitude in Model
B is generally smaller than in Model A as a consequence of the reduced heating from the decreased SFR in Model B. In both cases,
the temperature fluctuations remain small, δT < 1 (compare with
Figure 1), justifying our linear approximations.
Figure 5 illustrates the redshift evolution of the temperature fluctuations. We choose to follow a single wavenumber k =
0.1 Mpc−1 , which is both within those scales accessible to future
experiments and demonstrative of the effect. If the gas is heated
uniformly (dashed curves), then gT rapidly becomes negligible
once heating becomes effective. By depositing the same amount of
energy per particle the gas is driven towards isothermality. When
heating fluctuations are taken into account gT may grow or decrease depending on scale. We observe that, for the scale chosen
here, the amplitude of the temperature fluctuations grows steadily
with time, but gT decreases. This is a consequence of the sources
c 0000 RAS, MNRAS 000, 000–000
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becoming less biased with time so that WX (z) decreases with z.
On very small scales where WX (k) is negligible gT will trace the
uniform heating curve.
Recall that whether we observe the 21 cm line in emission
or absorption depends on the sign of TS − Tγ . Assuming that
TS ≈ TK , when TK < Tγ , hotter regions have a lower spin
temperature and so appear more faintly in absorption. As heating
continues, it is these regions which are first seen in emission, when
their temperature exceeds Tγ . Once TK > Tγ , it is these hotter
regions which produce the largest emission signal.
We see from Figure 5 that for a short window around zh
(where T̄K = Tγ ) temperature fluctuations may raise TK above
Tγ in these hot regions even when T̄K is less than Tγ . We interpret this to mean that within this window the 21 cm signal will be
a confusing mix of emission, from hotter regions, and absorption,
from cooler regions. In the case of uniform heating this window
is very narrow, but when fluctuations are included it extends to a
significant (∆z ≈ 1) width. This indicates that the transition from
absorption to emission will not be abrupt, but extended.

Figure 4. Fluctuations in TK . In each panel we plot T̄K ∆T (k) for the case
of inhomogeneous X-ray heating (thick curves) at z = 20 (long dashed
curve), z = 15 (dotted curve), z = 13 (short dashed curve), and z = 10
(solid curve). For comparison, we plot the case of uniform heating at z =
10 (thin solid curve) and z = 20 (thin long dashed curve). (a): Model A.
(b): Model B.

6 21 CM POWER SPECTRUM
6.1 Redshift evolution
Finally, we write the full 21 cm power spectrum as
PTb (k, µ) = T̄b2 (β ′ + µ2 )2 Pδδ (k),

(39)

β ′ = β − βx x̄e ge /(1 + x̄e ) + βT gT + βα Wα .

(40)

where

Figure 5. Evolution of the fluctuations in TK with redshift for Model A
(thick curves) and B (thin curves). (a): We plot the amplitude of fluctuations
in TK given by T̄K ∆T (k) at k = 0.1 Mpc−1 in the case of uniform heating (dashed curves) and when fluctuations in the heating rate are considered
(solid curves). For comparison, we plot |T̄k −Tγ | (dotted curves). Only in a
small region of width ∆z ≈ 1 around T̄K = Tγ do the fluctuations exceed
this threshold. (b): Evolution of gT . We plot gT at k = 0.1 Mpc−1 for
the uniform (short dashed curves) and fluctuating cases (solid curves). We
also plot WX (dotted curve) and, for comparison, Wα,⋆ (k) (long dashed
curve). Notice how gT rises to track WX once heating becomes effective.

c 0000 RAS, MNRAS 000, 000–000

Within our model we may neglect the term corresponding to the
neutral fraction, as the free electron fraction in the IGM remains
small at all times. We now consider how the 21 cm power spectrum
evolves with redshift.
Figure 6 shows the evolution of the brightness temperature
fluctuations at a single scale k = 0.1 Mpc−1 with redshift. First,
note that in the bottom panel ∆2µ2 changes sign when we include
temperature fluctuations (note that ∆2µ2 is not an auto-correlation
and so is free to have a negative sign). Physically, this occurs because when TK < Tγ there is an anti-correlation between Tb and
TK , i.e. increasing TK decreases Tb . Observing Pµ2 < 0 is a clear
sign that TK < Tγ . Mathematically, this can be seen because βT is
the only one of the fluctuation coefficients that can become negative. Of course, if PδT or other cross-correlations become negative
we can also get Pµ2 < 0, but this should not be the case for radiative heating or Lyα coupling, as we expect emitting sources to
be most common in overdense regions. Only in the case of Pxδ
might we expect a negative cross-correlation, as increasing the UV
radiation is likely to decrease the neutral fraction. In the high redshift regime, before significant ionization has occurred, this term is
negligible.
Adding the Lyα fluctuations, we see a clear double peaked
¯ T , which is dominated by
temporal structure in the evolution of ∆
b
Lyα fluctuations at high z and temperature fluctuations at lower
z (were we to include the effects of ionization fluctuations, there
would be a third peak at still lower redshift). We note that there is
considerable overlap between the two signals, which will complicate extracting astrophysical information. The situation is similar
in Model B, although here the relevant signal is compressed into
a narrower redshift window. We note that the amplitude of fluctuations induced by the gas temperature is significantly larger than
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Figure 7. Full Tb power spectra for Model A. We plot the power spectra at
z = 20 (long dashed curve), z = 19 (short dashed curve), z = 18 (dotted
¯ T (k). We plot |T̄b |∆δδ (thin
curve), and z = 17 (solid curve). (a): |T̄b |∆
b
solid curve) at z = 19 for comparison. (b): |T̄b |2 ∆2µ2 (k). The sign of

Figure 6. Evolution of brightness temperature fluctuations for Model A
¯ T (k) at k =
(thick curves) and B (thin curves). (a): We plot |T̄b |∆
b
0.1 Mpc−1 including the effects of heating fluctuations (dotted curves),
Lyα fluctuations (dashed curves), and both heating and Lyα fluctuations
(solid curves). (b): We plot |T̄b |2 ∆2µ2 (k) with the same line conventions.

∆2µ2 (k) is indicated as positive (thick curves) or negative (thin curves).

those from the Lyα signal and present at lower redshifts. Both of
these features make the temperature fluctuation signal a plausible
target for future observations.
To illustrate the scale dependence of this signal, we examine a series of redshift slices. We will make plots for model A.
Although the same evolution applies for model B, the events are
shifted to lower redshift ∆z ≈ 3 and the transitions are somewhat
compressed in redshift. We begin by examining the high redshift
regime, where Lyα fluctuations dominate the 21 cm signal, but
temperature fluctuations become important as we move to lower
redshift.
Figure 7 shows redshift slices from z = 17 − 20. We can
see from Figure 6 that Lyα fluctuations dominate the signal for
z & 18. The z = 20 and z = 19 curves show the expected excess
of power on large scales for Lyα fluctuations from the first sources
(see Barkana & Loeb 2005b for a full analysis of this signal). At
z = 18, we begin to see the effects of the temperature fluctuations
through the dip in power between k = 0.1 and 1 Mpc−1 . This dip
occurs because βT < 0, contrasting with the other βi , which are
positive. Physically, in this regime TK < Tγ and regions that are
hotter have a lower spin temperature. In our model, denser regions
are more strongly coupled, which increases Tb , but are also hotter,
which tends to decrease Tb . These two effects compete with one
another and produce the dip.
At z = 17, temperature fluctuations grow large enough to
drive β ′ negative over a range of scales, where they outweigh the
Lyα fluctuations. This leads to a sign change in ∆2µ2 , but also
¯ T . Here
imprints a distinctive trough-peak-trough structure in ∆
b
Lyα fluctuations dominate on the largest scales, temperature fluctuations on intermediate scales, and density fluctuations on small
scales. For this to occur, we require that Wα > gT on large scales,
which can only occur if Wα and gT show different scale dependence. This always occurs at some redshift in our model, as both

Wα and WX tend towards the same value on large scales, but gT
lags behind (and so is smaller than) WX on those scales.
From Figure 6, we see that TK fluctuations dominate at z .
17 and that Lyα fluctuations become negligible for z . 15. In Figure 8 we plot redshift slices in the range z = 13 − 16. At z = 16
and z = 15, we see a sign change in ∆µ2 , which is a distinctive signature of the temperature fluctuations when TK < Tγ . This is seen
¯ T as a peak on large scales, followed by a trough at smaller
in ∆
b
scales. The position of the peak depends upon the shape of gT and
thus the X-ray source spectrum. We will consider this in more detail
in the next section.
Notice that the heating transition occurs very close to z = 14,
so that the 21 cm signal at this redshift would likely be seen in a
mixture of absorption and emission. In addition, this curve is dominated by gas temperature fluctuations. We see this in Figure 8 where
the contribution from density fluctuations at z = 14 (thin solid
¯ T on all scales. Recurve) is at least a factor of two smaller than ∆
b
call from Figure 2 that when T̄b ≈ 0 only the combination |T̄b |βT
is significant.
The position of the sign change moves to smaller scales as the
gas is heated and the temperature fluctuations become larger. Eventually, the IGM heats to T̄K > Tγ , hotter regions have a higher spin
temperature than average and βT > 0. Once this occurs the trough
disappears entirely and the peak on large scales is no longer quite so
distinctive (see z = 14 curve). The continued IGM heating drives
βT → 0 and diminishes the effect of the temperature fluctuations.
¯T ,
By z = 13 there is no longer a clear peak in either ∆2µ2 or ∆
b
although there is still considerable excess power on large scales. By
z = 10, TK ≫ Tγ and temperature fluctuations no longer impact
the 21 cm signal significantly.
Once the ionization fraction becomes large (xi & 0.1), the
21 cm signal becomes dominated by the imprint of HII regions
(Zaldarriaga et al. 2004; Furlanetto et al. 2004). This eventually
c 0000 RAS, MNRAS 000, 000–000
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Figure 8. Full Tb power spectra for Model A. We plot the power spectra
at z = 16 (solid curve), z = 15 (short dashed curve), z = 14 (dotted
curve), and z = 13 (long dashed curve). Note that the z = 13 curve
would be seen in emission, and the z = 14 curve in a mixture of emission
and absorption. The other curves would be seen in absorption against the
¯ T (k). We plot |T̄b |∆δδ (thin solid curve) at z = 14 for
CMB. (a): |T̄b |∆
b
comparison. (b): |T̄b |2 ∆2µ2 (k). The sign of ∆2µ2 (k) is indicated as positive
(thick curves) or negative (thin curves).

produces a distinct knee in the 21 cm power spectrum resulting
from the characteristic size of the bubbles. We note that our models
have xi . 0.1 at z & 12, so that we do not expect ionization fluctuations to significantly affect the results we have outlined for Model
A. In the case of model B, temperature fluctuations remain significant to lower redshift where they may interfere with attempts to
measure the power spectrum of ionization fluctuations. The reverse
is also true.

6.2 Spectral dependence
We next imagine using the temperature fluctuations to constrain
the X-ray source spectra. This should affect the temperature fluctuations on intermediate scales, where heating fluctuations dominate.
Increasing the hardness of the spectrum increases the fraction of
more energetic photons, which have longer mean free paths. This
should further smooth the temperature fluctuations and suppress
power on small scales.
Figure 9 shows the power spectra at z = 15 (chosen to
maximise the distinctive features of the temperature fluctuations)
for source spectra αS = 1.5 (mini-quasars), αS = 1.0 (SNR),
and αS = 0.5. We see that the spectra alter the most on scales
k ≈ 0.1 − 10 Mpc−1 . The two main signatures are the change in
amplitude and shift in the position of the trough. Both of these occur because increasing the slope of the spectrum, with fixed total
luminosity, increases the number of soft X-rays and so increases
the heating in smaller scales. The trough (or sign change in Pµ2 )
shifts by ∆k ∼ 2 Mpc−1 for ∆α = 0.5, an effect that might be
observable were it not located on small scales k ≈ 5 Mpc−1 . The
c 0000 RAS, MNRAS 000, 000–000
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Figure 9. Effect of X-ray spectra on 21 cm power spectra. We show results
at z = 15 for model A and take α = 1.5 (dotted curve), α = 1.0 (solid
¯ T (k). We illustrate the
curve), and α = 0.5 (dashed curve). (a): |T̄b |∆
b
uniform heating case by the thin solid curve. (b): |T̄b |2 ∆2µ2 (k).

amplitude change at the peak is more observable but is also degenerate with modifications in the thermal history.
Referring back to our discussion of the time evolution of the
signal, we see that this sort of variation is similar to the effect
of changing the thermal history. However, the exact shape of the
spectrum is determined by the form of gT , and hence WX . These
do encode distinct information about the source spectrum. Consequently, precision measurements of the 21 cm power spectrum at
high z could constrain the X-ray source spectrum.
We can also seek to constrain the X-ray spectrum by looking
at the regime where fluctuations in the Lyα flux dominate the 21
cm signal. The inclusion of Lyα photons generated by X-ray excitation of HI (in addition to those redshifting into the Lyman resonances) modifies the shape of the power spectrum significantly.
This is easy to see by referring back to Figure 3. There we plotted
Wα,⋆ (k), for the case of stellar emission, and WX (k), which determines the fluctuations in the X-ray flux. If we allow both stars
and Lyα photons produced from X-rays to contribute to the Lyα
flux, then the resulting spectrum of fluctuations is determined by a
weighted combination of these Wα (k) and WX (k). In our model,
as in that of Chen & Miralda-Escude (2006), the Lyα flux is dominated on small scales by the X-ray contribution and on large scales
by the stellar contribution. Thus the resulting weighting function
most closely resembles WX (k) with significant power on small
scales.
Figure 10 shows the effect on the power spectrum at z = 20,
when temperature fluctuations are negligible, of including the different contributions to the Lyα flux. On intermediate scales (k ≈
1 Mpc−1 ) there is clearly significantly more power when X-ray excitation dominates Lyα production compared to stellar production.
As noted in Chuzhoy et al. (2006), this provides a means for distinguishing between the major source of Lyα photons during the
time of the first sources. We note that the shape of the spectrum
is somewhat sensitive to the spectral index of the X-ray sources -
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¯ T (k). We consider the following sources of Lyα
Figure 10. (a): |T̄b |∆
b
emssion: stellar only (solid curve), X-ray excitation only (dotted curve),
stellar+X-ray excitation (dashed curve). All curves are calculated at z = 20
and have been normalised to the stellar only case, to compensate for different mean values of xα . We assume X-ray emission from starburst galaxies.
Also plotted is |T̄b |∆δδ (thin solid curve). (b): |T̄b |2 ∆2µ2 (k). Same line
conventions as in (a).

with the variation being similar to between the stellar + X-ray and
X-ray only curves. Thus isolating the 21 cm fluctuations from the
Lyα flux variations could also constrain the X-ray spectrum of the
first sources.

7 OBSERVATIONAL PROSPECTS
We now turn to the important question of observing the features outlined above. The first generation of 21 cm experiments
(PAST, LOFAR, MWA) will be optimised to look for the signature of HII regions at redshifts z . 12. Their sensitivity
decreases rapidly at redshifts z & 10 (McQuinn et al. 2005;
Bowman, Morales & Hewitt 2006) and so they are unlikely to be
able to detect the effects of inhomogeneous heating. The proposed
successor to these instruments, the SKA, is still under design, but
its fiducial specifications should allow the z > 12 regime to be
probed. In this section, we will consider using an SKA type experiment to observe 21 cm fluctuations at z = 13 and z = 15 and
calculate the achievable precision.
Before this, we must make the necessary caveats concerning foregrounds. Foregrounds for 21 cm observations include
terrestrial radio interference (RFI), galactic synchrotron emission, radio recombination lines, and many others (Oh & Mack
2003; Di Matteo, Ciardi & Miniati 2004; §9 of Furlanetto et al.
2006). Typical foregrounds produce system temperatures Tsys &
1000 K, compared to a signal measured in mK. These foregrounds increase rapidly as we move to lower frequency, making their removal an even greater concern for high redshift observations than low ones. Although techniques for foreground removal are well grounded, their effectiveness has yet to be tested.
In the analysis that follows, we assume that foreground removal

¯ T (k) for an SKA like instrument
Figure 11. Predicted 1-σ errors on |T̄b |∆
b
(see text for details). We compare spectra for model A (thick curves) and
model B (thin curves). Modes with k . kforeground (shown by a vertical
dashed line) will probably be lost during foreground cleaning. (a): z = 13.
(b): z = 15.

can be effected by exploiting the smoothness of foregrounds
in frequency space (Zaldarriaga, Furlanetto & Hernquist 2004;
Santos, Cooray & Knox 2005; Morales & Hewitt 2004; Morales
2005; McQuinn et al. 2005; Wang & Hu 2006).
¯ T (k) at
Figure 11 shows predicted 1 − σ error bars on ∆
b
z = 13 and z = 15 for model A and B. We assume an SKA like instrument with a total effective area Atot = 1 km2 distributed over
5000 antennae in a 5 km core, bandwidth B = 12 MHz, minimum
baseline Dmin = 10 m, and an integration time tint = 1000 hr.
We set Tsys = 1000 K and 1400 K at these two redshifts and use
bins of width ∆k = k/2. We assume that foregrounds can be removed exactly, but that this also removes cosmological information on scales exceeding the bandwidth of the observations, so that
modes with k ≤ kforeground ≈ 0.025 Mpc−1 (indicated by vertical dashed lines) are lost (McQuinn et al. 2005).
¯ T (k) acWith these caveats, observations could measure ∆
b
curately over the range k ≈ 0.025 − 2 Mpc−1 . The precision is
more than adequate to distinguish between model A and B. Detecting the characteristic peak-trough signature of δT is difficult, as
the trough typically occurs on small scales where the uncertainty
is large. However, it should be possible to detect the peak and the
beginning of the decline. We note that detection of the trough is
necessary to unambiguously determine βT < 0 and so show that
TS < Tγ . Without this it is not simple to distinguish between the
two cases exemplified by the z = 14 curve, which has no trough,
and the z = 15 curve, which does, in Figure 8. No similar confusion occurs when the reduction in power caused by βT < 0 is
obvious, as in the z = 15 model B case.
From the point of view of constraining the spectra of X-ray
sources, the precision is adequate for distinguishing between the
different curves of Figure 10. Whether the effect of the spectrum
can be separated out from different thermal histories is an open
question, which deserves future study.
c 0000 RAS, MNRAS 000, 000–000

Inhomogeneous X-ray heating and the 21 cm line
Santos & Cooray (2006) have considered the extraction of astrophysical and cosmological parameters from 21 cm observations
in the period of the first sources. They assumed that gas temperature fluctuations showed no scale dependence gT (k, z) = gT (z)
and argued that extracting astrophysical information using an SKA
like instrument is difficult but feasible. We expect the scale dependent temperature fluctuations that we have investigated to both help
and hinder parameter estimation. Figure 11 shows that it should be
possible to resolve individual features imprinted in the power spectrum by temperature fluctuations. These features provide additional
leverage in extracting astrophysical parameters. However, the shape
of the power spectrum evolves rapidly in our model, making binning of different redshift data more difficult.

8 CONCLUSIONS
X-ray production by an early generation of stellar remnants is
widely regarded as the most likely candidate for heating the IGM
above the CMB temperature from its cool adiabatic level. This heating has often been treated as uniform, as the mean free path of hard
X-rays in the early Universe is comparable to the Hubble scale.
We have relaxed this assumption and, by expanding on the formalism of Barkana & Loeb (2005b), calculated the temperature fluctuations that arise from the inhomogeneous heating. The spectrum of
fluctuations in TK is significantly larger than that predicted from
uniform heating, peaking on scales k ≈ 0.1 Mpc−1 . This allowed
us to examine the redshift range about zh , where TK = Tγ , and
show that there is a window of width ∆z ≈ 1 in which the IGM
will contain pockets of gas both hotter and colder than the CMB.
This has implications for the 21 cm signal, which will be seen in a
mixture of absorption and emission within this window.
The best hope for observing the temperature evolution before
reionization is through 21 cm observations of neutral hydrogen.
Systematic effects arising from foregrounds are likely to prevent
interferometers from measuring T̄b (z) directly (Furlanetto et al.
2006), although several alternative methods for obtaining T̄b (z)
have been proposed (Barkana & Loeb 2005a; Cooray 2006). Thus
careful analysis of brightness fluctuations will be required to extract
astrophysical information. Fluctuations in TK lead to fluctuations
in Tb , which contain information about the thermal history and the
nature of the heating sources. We have calculated the 21 cm power
spectrum arising from inhomogeneous X-ray heating and shown
that it has considerable structure. In the regime where gas temperature and Lyα flux fluctuations compete, we expect a trough¯ T (k). Once TK fluctuations dominate,
peak-trough structure in ∆
b
but while TK < Tγ , we see a peak-trough structure. As the gas
heats, this structure is lost as the trough moves to unobservable
small scales while the peak decreases and finally vanishes once
TK ≫ Tγ . Extracting astrophysical information cleanly will be
challenging, but the information is there.
It is important to notice that the difference between uniform
and inhomogeneous heating is large. Observations with the SKA
should be able to distinguish these two cases and indicate whether
X-ray heating is important. If it is possible to perform an angular
separation of PTb , then observing Pµ2 < 0 is a clear indicator
that TK < Tγ . Ideally, one would extract the quantity βT , but this
requires fitting of other parameters and so is a less direct (but more
conclusive) observational feature.
Additionally, the spectra of the X-ray sources imprint information on the TK fluctuations. This may be observed in the 21
cm power spectra, where it shifts the critical scale at which Pµ2
c 0000 RAS, MNRAS 000, 000–000
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changes sign, or during the regime in which Lyα fluctuations dominate, where it modifies the shape of the power spectrum. The temperature fluctuations that we have calculated lead to a 21 cm signal
that extends down to relatively low redshifts. This opens an opportunity for future 21 cm radio arrays to probe the thermal history
prior to reionization. Including temperature fluctuations makes the
21 cm signal significantly more complex, adding information, but
further raises the question of how best to separate out that information.
In this paper, we have ignored the contribution from Poisson
fluctuations in the source distribution (Barkana & Loeb 2005b).
While calculating it requires only a straightforward extension of
the Barkana & Loeb (2005b) formalism, performing the time integrals necessary to convert heating fluctuations into temperature
fluctuations is non-trivial. We have estimated the amplitude of these
Poisson temperature fluctuations and find them (in our models) to
be subdominant at all redshifts. This is largely because there are
many more sources at the lower redshifts where temperature fluctuations are important. In theory, high-precision 21 cm observations
can separate these Poisson fluctuations from fluctuations correlated
with the density field. The Poisson contribution could then be used
to probe the distribution of sources, for example, by distinguishing between highly biased mini-quasars and less biased star-burst
galaxies, producing the same global X-ray luminosity.
In our analysis we have taken fX = 1, corresponding to normalising the X-ray luminosity per unit star formation to that observed in the local universe. In truth, this assumption is highly speculative and the value for fX is extremely uncertain. We have investigated the effects of changing fX and find that it alters the details
of the thermal evolution significantly. Taking fX = 0.1, for example, shifts the point where 21 cm brightness fluctuations change
from being dominated by Lyα fluctuations to gas temperature fluctuations from z ≈ 17 to z ≈ 15. Setting fX = 10 increases the
redshift of this transition to z ≈ 19. For values of fX . 0.1,
we find a clear separation between 21 cm brightness fluctuations
sourced by gas temperature and Lyα fluctuations. Increasing fX
also increases the redshift at which T̄K ≫ Tγ , so that gas temperature fluctuations become irrelevant for the 21 cm signal. Additionally, small values for fX will increase the contribution of other
heating mechanisms such as shock heating. All of this suggests that
measuring the time evolution of the 21 cm signal (as in Figure 6 for
example) would enable fX to be constrained. Unfortunately, until these observations are made it is difficult to predict the thermal
history before reionization with any certainty.
We have shown that the 21 cm signal at high z will contain significantly more structure than has previously been considered. Temperature fluctuations produce an interesting interplay
with other sources of 21 cm anisotropy as βT < 0 when TK < Tγ .
Furthermore, for reasonable heating scenarios, the effect of temperature fluctuations persist well into the regime that will be probed by
second generation low-frequency arrays, such as the SKA. Thus,
prospects for probing the thermal history before reionization via
observations of the redshifted 21 cm line seem promising.
This work was supported at Caltech in part by DoE DE-FG0392-ER40701. JRP would like to thanks Miguel Morales for useful
discussions. SRF thanks the Tapir group at Caltech for hospitality
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